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In this contribution, we investigate the quantum dynamics of a neutral particle conﬁned in a quantum
ring potential. We use two different ﬁeld conﬁgurations for induced electric dipole in the presence
of electric and magnetic ﬁelds and a general conﬁning potential, for which we solve the Schrödinger
equation and obtain the complete set of eigenfunctions and eigenvalues.
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Quantum interference phenomena play a important role in
the quantum mechanics. In 1959, Aharonov and Bohm [1] have
shown that electromagnetic potentials have a nontrivial physical
sense in the quantum domain. Charged particles are affected by
these potentials, even if they are localized in regions with no
classical ﬁelds. The most known Aharonov–Bohm effect describes
a charged particle affected by the potential vector correspond-
ing to a solenoid; the particle acquires a quantum phase propor-
tional to the magnetic ﬂux inside the solenoid. In 1984, Aharonov
and Casher [2] have demonstrated that, in certain circumstances,
a neutral particle with a permanent magnetic moment also ex-
hibits a Aharonov–Bohm effect. When the neutral particle makes a
closed path around a line of electric charges, its wave function ac-
quires a phase shift proportional to the magnetic moment of the
neutral particle and to the density of charge of the line. A third ex-
ample of quantum phase was proposed independently by He and
McKellar [6] and Wilkens [11]. Within the He–McKellar–Wilkens
[HMW] effect, a neutral particle with a permanent electric dipole
moment is affected by a magnetic ﬁeld produced by a line of mag-
netic monopoles. In the same way as within the Aharonov–Casher
(AC) effect, the wave function of the neutral particle acquires a
phase shift due to the coupling between the electric dipole of
the neutral particle and the magnetic ﬁeld of the monopoles. The
HMW phase is the Maxwell dual of the AC phase. A more real-
istic ﬁeld conﬁguration of the HMW effect has been proposed by
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http://dx.doi.org/10.1016/j.physleta.2013.09.002Wei, Han and Wei [WHW] [10]. In their work, the neutral par-
ticle is exposed to a nontrivial ﬁeld conﬁguration characterized
by the simultaneous action of the electric ﬁeld and a uniform
magnetic ﬁeld. This ﬁeld conﬁguration induces a electric dipole
moment for the neutral particle. The WHW’s proposal is physi-
cally more realistic, because it avoids the necessity of the ﬁeld
generated by magnetic monopoles. The quantum phase for elec-
tric dipoles has been investigated by Spavieri [12,13], who has
obtained a quantum phase that differs from that proposed by
Wilkens by the presence of an extra term. Tkachuk [14] has in-
vestigated the quantum dynamics of the quantum electric dipole
in the presence of a ferromagnetic wire with the magnetization
parallel to the wire. He has obtained the new contribution ob-
tained by Spavieri but in the experimental scheme proposed by
him the phase shift due to the Wilkens and Spavieri approaches
coincide. Further, Dowling, Williams and Franson [15] have pro-
posed a uniﬁed description of all three phenomena (AB, AC and
HMW phases) discussing the Maxwell electromagnetic duality re-
lation between the three quantum phases. In their duality analysis
they predict a fourth phenomenon, which is the dual effect of the
Aharonov–Bohm effect [16]. Recently a ﬁrst experimental test for
HMW phase was reported by Lepoutre et al. in Ref. [17]. Recently,
effects of Aharonov–Bohm type have attracted attention in sev-
eral areas of physics. These quantum effects have been exploited
for establishing upper limits to the photon mass using the ap-
proach by Boulware and Deser [18] to the Aharonov–Bohm effect
in the framework of Maxwell–Proca theory. More recently, with
the same approach, Rodriguez [19] has established a new limit to
the photon mass using the Aharonov–Casher effect. Some review
works [20–22] have treated the photon mass in relation with the
quantum phases of Aharonov–Bohm types.
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a uniform magnetic ﬁeld, its motion is described by Landau lev-
els [7]. The main characteristic of Landau quantization is that
the energy levels coalesce into a discrete spectrum, and each
level is inﬁnitely degenerated. Analogues of Landau quantization
for neutral particles have been extensively studied. Ericsson and
Sjöqvist [5], being based on the Aharonov–Casher effect [2], have
studied the quantum dynamics of a neutral particle, with a perma-
nent magnetic moment, in an electric ﬁeld conﬁguration. The ana-
logue of Landau quantization for the neutral particle takes place
only when a particular ﬁeld–dipole conﬁguration is present. The
necessary conditions which the ﬁeld–dipole conﬁguration must
obey was demonstrated by Ericsson and Sjöqvist [5]. This quanti-
zation was denominated as Landau–Aharonov–Casher quantization.
Following the idea of Ericsson and Sjöqvist, Ribeiro, Furtado and
Nascimento (RFN) have shown that an analogue of Landau quan-
tization is also possible for both a permanent electric dipole [8]
Landau–He–McKellar–Wilkens quantization, as well as to an in-
duced electric dipole [9] Landau–Wei–Han–Wei quantization. Fur-
ther, a analogue of Landau quantization for an electric quadrupole
has also been obtained in Ref. [4].
Recently, the study of the quantum dots and rings drawn con-
siderable attention due to the possibility of physical applications
allowing for observation of these systems, such as Aharonov–Bohm
effect [23], quantum Hall effect [24], etc. An interesting model of
the conﬁning potential for quantum structures was presented by
Tan and Inkson [25,26]. This model of conﬁning potential can be
used to describe quantum structures, such as quantum dots and
anti-dots. It has been used in several studies of quantum structures
in various situations. The study of neutral particle with a perma-
nent magnetic dipole moment conﬁned in a quantum ring [27–30]
have been investigated within several physical models [31–34].
In this system, the ﬂux dependence of the energy levels, the ap-
pearance of the persistent currents in the dynamics of quantum
particle, and conﬁned quantum rings and dots have been dis-
cussed. The inﬂuence of topological defects in quantum dot and
rigs was studied in [35,36]. Other studies of the conﬁnement of
quantum particles to a parabolic potential analogous to a quan-
tum dot have been made in noninertial frames [37], and in the
Aharonov–Casher setup [38]. In this contribution we describe the
quantum dynamics of induced dipole in the presence of conﬁn-
ing potential of Tan–Inkson, considering two conﬁgurations of an
external electromagnetic ﬁeld.
This Letter is organized as follows. In the next section we de-
scribe the quantum dynamic of a neutral particle with a induced
electric dipole conﬁned in a quantum ring. In Sections 3 and 4,
we exactly obtain the set of eigenvalues and eigenfunctions for the
Wei’s and Ribeiro’s conﬁgurations, respectively. Finally, in Section 5
we present the concluding remarks.
2. Quantum dynamics of a neutral particle in the presence an
external electromagnetic ﬁeld
In this section, we present the description of the quantum dy-
namics of a neutral particle that possess a induced electric dipole
in the presence of external electromagnetic ﬁeld. A completely rel-
ativistic treatment of the interaction of the electric and magnetic
dipole moments of a particle with the electromagnetic ﬁeld was
given by Anandan [3]. The Lagrangian that describes the electric
dipole in the presence of an electromagnetic ﬁeld is given by
L = 1
2
Mv2 + 1
2
d · (E+ v× B), (1)
where M is mass of particle and v is the velocity and
d = α(E+ v× B), (2)where α is the dielectric polarizability of the particle. In this way
the Lagrangian for induced electric dipole is given by
L = 1
2
(
M + αB2)v2 + 1
2
αE2 + αv · (E× B). (3)
The term αv · (E × B) is the Rötgen energy interaction. We con-
sider that laboratory ﬁelds E do not vary in the dipole direction,
and for a complete description of the dynamics of this particle we
need to ﬁnd the equation that describes the dynamics of dipole
and therefore assume that (d · ∇)E = 0. In this Letter, we do not
consider the new contributions for the topological phase found by
Spavieri [12,13] and Tkachuk [14], since those contributions were
null due to the ﬁeld conﬁgurations adopted here. In nonrelativis-
tic limit, the Hamiltonian for a neutral particle, with an induced
electric dipole [9], of the mass M , is given by
H = 1
2m
(
p+ α(E× B))2 − 1
2
αE2, (4)
where m is an effective mass m = M + αB2, and α is the polariz-
ability of the particle. From this equation, we can see the similarity
of this Hamiltonian with the Hamiltonian of a charged particle in
the presence of an external potential exposed to an external mag-
netic ﬁeld. Using this similarity, we can identify the following term
Aeff = E× B (5)
as an effective vector potential. Now, we investigate the term
α(E × B) in (4), note that α has dimension of a volume and the
term (5) has dimension of the electromagnetic momentum. In this
way the interaction term α(E × B) corroborate, also in this case,
that there is a relation between the interaction term of the various
effects of the Aharonov–Bohm type and the electromagnetic mo-
mentum. Observe that the expression (5) reﬂects explicitly its link
with the electromagnetic momentum density Pem ∝ E × B [12,22].
Based on the WHW conﬁguration idea, we use a nontrivial conﬁg-
uration of crossed electric and magnetic ﬁelds to induce an electric
dipole moment on the particle. We can do this using two dif-
ferent ﬁeld conﬁgurations. Both conﬁgurations involve an uniform
magnetic ﬁeld applied perpendicular to the plane of motion. The
differences are in the electric ﬁeld conﬁguration.
The ﬁeld conﬁguration #1,
E = λ
2r
rˆ, B = B zˆ, (6)
is based on the Wei [10] ﬁeld conﬁguration, where λ is an uniform
distribution of charge, and B is the uniform magnetic ﬁeld.
The conﬁguration #2 is given by
E = ρ
2
r rˆ, B = B zˆ, (7)
it is based in the ﬁeld conﬁguration presented in Ref. [9], where
ρ is an uniform distribution of charge, and B is the magnitude of
magnetic ﬁeld.
3. Quantum electric dipole in presence of the conﬁning potential
In this section inspired in a conﬁning potential proposed by Tan
and Inkson [25,26] for electron and holes conﬁned in mesoscopic
ring structures we study the conﬁnement of induced electric dipole
in a ring structure. The Tan–Inkson potential is based in two pa-
rameter potential, that describe dot, antidot and ring structures in
two dimension. The conﬁning potential is given by following ex-
pression
VTI = a12 + a2r2 − V0, (8)r
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2
√
a1a2. The potential has the minimum V (r0) = 0 at r0 = ( a2a1 )1/4.
The r0 is average radius of the ring and for r  r0 the conﬁn-
ing potential has the parabolic form VTI  12ω20(r − r0)2 where
ω0 = √8a1/m. We can found the inner r− and outer r+ radiuses of
the quantum ring in terms of Fermi energy of dipole system, that
given by
r± =
( V0 + E F ±√2EF V0 + E2F
2a1
)1/2
, (9)
where its width δr = (r+ − r−). Note that, in the limit of a1 → 0
we obtain the quantum dot harmonic conﬁning potential. For the
case where a2 → 0 we have antidot potential. In a general case,
where both a1 and a2 are non-zero, we have a model of harmonic
conﬁning potential for a quantum ring. In this way, the Hamilto-
nian that describes the behavior of the electric dipole within the
quantum ring is given by:
H= 1
2m
(p+ αAeff)2 − 12αE
2 + VTI, (10)
where the conﬁning potential VTI in Eq.(10) is the Tan–Inkson po-
tential (8) [25,26].
In this way the Hamiltonian (10) describes the quantum dy-
namics of a neutral particle in the presence of the quantum ring
conﬁning potential exposed an external electromagnetic ﬁeld con-
ﬁguration. In the next section we quantize this Hamiltonian for
two ﬁeld conﬁguration presented in this section.
4. Quantum ring quantization in ﬁeld conﬁguration #1
In this section we investigate the quantum dynamics of induced
electric dipole exposed to an external magnetic ﬁeld conﬁned by
the quantum ring potential. Using the ﬁeld conﬁgurations pre-
sented in Eqs. (6) we solve the Schrödinger equation for the Hamil-
tonian (10). Let us begin with the ﬁeld conﬁguration #1. Making
use of this ﬁeld conﬁguration, one can rewrite the Schrödinger
equation in the following form:[
−∇2 + m
2ω20
4
r2 +
[
m2ω2δ2
4
+ ı˙ω ∂
∂φ
+ 2ma1
]
1
r2
− 2m(	 + V0)
]
ψ = 0, (11)
where ω20 = 8a2m , ω = αλBm and δ2 = 1 − mαB2 . As the Hamiltonian
has azimuthal symmetry, we use the following ansatz
ψ = eı˙φR(r), (12)
where  is an integer, and Eq. (11) assumes the following form:
R ′′ + R
′
r
+
[
2m(	 + V0) − m
2ω20
4
r2 − L
2
r2
]
R = 0, (13)
where L2 = ( + αλB2 )2 + 2ma1 − mαλ
2B2
4 .
Carrying out a change of variables, ξ = mω02 r2, one can rewrite
the equation above as
ξ R¨ + R˙ +
[
−ξ
4
+ β − L
2
4ξ
]
R = 0, (14)
where
β = 	 + V0
ω0
. (15)
Making the study of the asymptotic limits of this equation, one can
ﬁnd that the solution must have this form:R(ξ) = C e−ξ/2ξ |L|/2ζ(ξ), (16)
where C is a normalization constant, and the function ζ(ξ) is the
solution of the following hypergeometric equation
ξ ζ¨ + (|L| + 1− ξ)ζ˙ − [ |L| + 1
2
− β
]
ζ = 0, (17)
looking like:
ζ(ξ) = F
[
−
(
β − |L| + 1
2
)
; |L| + 1; ξ
]
. (18)
The quantization aspect of the radial solution comes from the fact
that the hypergeometric function must obey a convergence re-
quirement, which is achieved when the ﬁrst parameter of Eq. (18)
is a negative integer number, i.e.,
−
(
β − |L| + 1
2
)
= −n, n = 0,1,2, . . . . (19)
From Eq. (15) and the previous equation, we easily obtain the en-
ergy spectrum
	n, =
(
n + |L|
2
+ 1
2
)
ω0 − m
4
ω20r
2
0. (20)
Eq. (20) gives the energy spectrum of an induced electric dipole
conﬁned in quantum ring. Substituting the expression for L in
Eq. (20), we arrive at following expression
	n, =
(
n +
∣∣√( + αλB2 )2 + 2ma1 − mαλ2B24 ∣∣
2
+ 1
2
)
ω0
− m
4
ω20r
2
0. (21)
Note that, in the limit of a1 → 0 we recover the energy levels for
a induced dipole in the Wei conﬁguration conﬁned in a quantum
dot. The limit case is a2 → 0, where the discrete energy levels are
equal to zero. This is an antidot limit, for which the system has
no bound states. Now we obtain eigenfunctions for this induced
dipole in a quantum ring. Combining Eqs. (18), (16) and (12), one
ﬁnds that the eigenfunctions are given by:
ψn,(r, φ) = 1
λ
|L|+1
0
[
(n + |L| + 1)
2|L|n![(|L| + 1)]2π
]1/2
eı˙Lφr|L|
× exp
(
r2
4λ0
)
F
[
−n; |L| + 1; r
2
2λ20
]
, (22)
where
λ0 =
√
1
mω0
. (23)
As we can see, the energy spectrum for the induced electric dipole
is similar to the spectrum of an electron moving in a magnetic
ﬁeld. Note that the energy levels are not degenerated in contrast
with usual Landau levels that have inﬁnite degeneracy. We have
just shown that there exist an analogue of Landau quantization
for a neutral particle with an electric dipole induced by the Wei
conﬁguration conﬁned by a quantum ring potential.
5. Quantum ring quantization in ﬁeld conﬁguration #2
Let us now study the quantum dynamics for the neutral parti-
cle exposed to the ﬁeld conﬁguration of Eq. (7). Substituting Eq. (7)
into the Hamiltonian (10), we have the following Schrödinger
equation
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−∇2 + m
2ω2
4
r2 + ı˙ωc ∂
∂φ
+ 2ma1
r2
− 2m(	 + V0)
]
ψ = 0, (24)
where we deﬁne
ω2 = ω2c δ2 + ω20, (25)
ωc = αρB
m
, (26)
δ2 = 1− m
αB2
, (27)
ω20 =
8a2
m
. (28)
Following the same procedure adopted in previous section,
we use the ansatz ψ = eiφR(r), in this way we obtain the equa-
tion
R ′′ + R
′
r
+
[
2m(	 + V0) − m
2ω2
4
r2 +mωc − L
2
r2
]
R = 0, (29)
where we have deﬁned L2 = 2 + 2ma1.
Carrying out the change of variables ξ = mω2 r2, one rewrites the
previous equation as
ξ R¨ + R˙ +
[
−ξ
4
+ β − L
2
4ξ
]
R = 0, (30)
where
β = 1
ω
[
(	 + V0) + 
2
ωc
]
. (31)
Note that Eqs. (30) and (14) have the same form. Hence, fol-
lowing the same steps used between Eq. (15) to Eq. (19), we ﬁnd
that the energy spectrum for the ﬁeld conﬁguration #2 is given by
	n, =
[
n + |L|
2
+ 1
2
]
ω − 
2
ωc − m
4
ω20r
2
0. (32)
Note that, Eq. (32) is similar to the spectrum obtained for Tan and
Inkson [25] for an electron in a quantum ring. The quantum dot
limit is obtained when a1 → 0 we obtain that L →  and the en-
ergy spectrum has the same form of Eq. (32) with L interchanged
by . Note that in contrast with the Wei conﬁguration in the anti-
dot limit, a2 → 0, the external electric and magnetic ﬁeld preserve
the quantization, and we have the following energy spectrum
	n, =
[
n + |L|
2
+ 1
2
]
δωc − 
2
ωc . (33)
The eigenfunctions are respectively given by
ψn,(r, φ) = 1
λ|L|+1
[
(n + |L| + 1)
2|L|n![(|L| + 1)]2π
]1/2
eı˙Lφr|L|
× exp
(
r2
4λ
)
F
[
−n; |L| + 1; r
2
2λ2
]
, (34)
where
λ =
√
1
mω
. (35)
As we can see, the energy levels for the neutral particle under
ﬁeld conﬁguration #2 are similar to the case of an analogue of the
Landau quantization, but we break the degeneracy of energy levels.6. Concluding remarks
In this Letter, we have analytically obtained the energy spec-
trum, as well as the eigenfunctions, for a neutral particle conﬁned
to a two-dimensional quantum ring, subjected to two distinct ﬁeld
conﬁgurations. We have shown that this neutral particle presents
an energy quantization similar to that one taking place in the case
of an electric charge moving through a uniform magnetic ﬁeld, i.e.,
an Landau quantization analogue.
An interesting thing happens when we switch off the Tan–
Inkson potential. Making the parameters a1 and a2 equal to zero,
the energy spectrum related to Wei [10] conﬁguration vanishes,
while in the Ribeiro conﬁguration [9] case it assumes the follow-
ing form:
	n, =
(
n + ||
2
+ 1
2
)
ωδ − 
2
ω. (36)
This is due to the fact that for the Wei’s ﬁeld conﬁguration
we have the effective vector potential Aeff,W = − λB2r φˆ which yields
no effective magnetic ﬁeld. In contrast, the effective vector poten-
tial Aeff,R = −ρB2 r φˆ in Ribeiro’s conﬁguration give us an effective
uniform magnetic ﬁeld, Beff,R = ±ρB zˆ. According to Ericsson and
Sjöqvist [5], it is one of the conditions which the ﬁeld conﬁgura-
tions must obey in order to achieve an Landau quantization ana-
logue. So, we can conclude that the energy quantization in Wei’s
case takes place only due to the ring conﬁnement, and in Ribeiro’s
case it also happens because of the ring conﬁnement, but in addi-
tion the arrangement of the ﬁelds plays an important role.
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